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COMPACT PSEUDO-RIEMANNIAN HOMOGENEOUS EINSTEIN
MANIFOLDS OF LOW DIMENSION
WOLFGANG GLOBKE AND YURI NIKOLAYEVSKY
Abstract. Let M be pseudo-Riemannian homogeneous Einstein manifold of
finite volume, and suppose a connected Lie group G acts transitively and
isometrically on M . In this situation, the metric on M induces a bilinear form
⟨⋅, ⋅⟩ on the Lie algebra g of G which is nil-invariant, a property closely related
to invariance. We study such spaces M in three important cases. First, we
assume ⟨⋅, ⋅⟩ is invariant, in which case the Einstein property requires that G
is either solvable or semisimple. Next, we investigate the case where G is
solvable. Here, M is compact and M = G/Γ for a lattice Γ in G. We show
that in dimensions less or equal to 7, compact quotients M = G/Γ exist only
for nilpotent groups G. We conjecture that this is true for any dimension. In
fact, this holds if Schanuel’s Conjecture on transcendental numbers is true.
Finally, we consider semisimple Lie groups G, and find that M splits as a
pseudo-Riemannian product of Einstein quotients for the compact and the
non-compact factors of G.
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1. Introduction and main results
Let M be a pseudo-Riemannian homogeneous manifold with finite volume, such
thatM = G/H , where G is a connected Lie group with a closed subgroup H , and G
acts isometrically and almost effectively on M (meaning H contains no connected
normal subgroup of G). We further assume that the pseudo-Riemannian metric
gM on M is an Einstein metric, that is, the Ricci tensor is a multiple of the metric,
Ric = λgM , for some real constant λ. This work is motivated by questions on the
existence of such spaces M , and the algebraic structure of the groups G.
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2 GLOBKE AND NIKOLAEVSKY
The pseudo-Riemannian metric gM on M pulls back to a symmetric bilinear
tensor on G, and thus induces a symmetric bilinear form ⟨⋅, ⋅⟩ on the Lie algebra g
of G. We review some basic notions of scalar products on Lie algebras in Section 2.
The fact that M has finite volume implies that ⟨⋅, ⋅⟩ is nil-invariant (Definition
2.2), a property closely related to invariance of ⟨⋅, ⋅⟩ (see Baues and Globke [1]). It
was shown by Baues and Globke [1, Theorem 1.2] that a nil-invariant symmetric
bilinear form ⟨⋅, ⋅⟩ on a finite-dimensional solvable Lie algebra must be invariant.
The structure of solvable Lie algebras with invariant scalar product can be un-
derstood through a sequential reduction to lower-dimensional algebras of the same
type. This process is briefly reviewed in Section 3.
In Section 4 we consider Lie groups with Einstein metrics. If the Einstein metric
is bi-invariant, we can make an easy but very important observation:
Proposition 1.1. If g is a bi-invariant Einstein metric on G, then
(a) either G is semisimple and g is a non-zero multiple of the Killing form,
(b) or G is solvable and its Killing form vanishes.
Combining this proposition with results from [2] shows that for any pseudo-
Riemannian homogeneous Einstein manifold M = G/H of finite volume for a Lie
group G whose Levi subgroup has no compact factors, G is either semisimple or
solvable (Corollary 4.3), and the stabilizer H is a lattice in G.
We study pseudo-Riemannian homogeneous Einstein manifolds M = G/H of
finite volume and with G a connected solvable Lie group in Section 5. The stabilizer
H is a lattice in G, and this implies that the induced bilinear form ⟨⋅, ⋅⟩ on g is in
fact a scalar product. Moreover, ⟨⋅, ⋅⟩ is invariant and therefore the Killing form of g
vanishes in order to satisfy the Einstein condition. This is trivially satisfied by any
nilpotent Lie algebra, so that every compact pseudo-Riemannian nilmanifold is an
Einstein manifold. For solvable Lie algebras that are not nilpotent, the Killing form
does not vanish in general. By a metric Lie algebra we mean a Lie algebra with an
invariant scalar product. We find the following constraints on the dimension of g:
Theorem 1.2. Let (g, ⟨⋅, ⋅⟩) be a solvable metric Lie algebra with Einstein scalar
product of Witt index s. Let n be the nilradical of g. If g is not nilpotent, then
dimg ≥ 6, dimn ≥ 5, and s ≥ 2. Example 4.4 shows that these estimates are sharp.
The existence of compact pseudo-Riemannian quotients of a solvable Lie group
G requires the existence of a lattice Γ in G, and it is not clear whether such a
lattice can exist under the condition that ⟨⋅, ⋅⟩ is Einstein. We can rule this out for
dimensions below 8:
Theorem 1.3. Let M be a compact pseudo-Riemannian Einstein solvmanifold of
dimension less or equal to 7. Then M is a nilmanifold.
The proof of this theorem uses the Gelfond-Schneider Theorem from the theory
of transcendental numbers to show that no lattice can exist. However, application
of the Gelfond-Schneider Theorem seems limited to low dimensions. For arbitrary
dimensions, the statement would hold if Schanuel’s Conjecture on the algebraic
independence of certain complex numbers is true. We therefore conjecture:
Conjecture 1.4. Every compact pseudo-Riemannian Einstein solvmanifold is a
nilmanifold.
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In Section 6 we consider pseudo-Riemannian homogeneous Einstein manifolds
M = G/H of finite volume, where G is a semisimple Lie group. We may assume
that G is simply connected, so G =K ×S, where K is compact semisimple and S is
semisimple without compact factors. The study of these spaces reduces to studying
the case of compact and non-compact groups separately:
Theorem 1.5. Let M be a pseudo-Riemannian homogeneous Einstein manifold
of finite volume and G a semisimple, connected and simply connected Lie group
acting transitively and almost effectively by isometries on M . Let G =K ×S be the
decomposition of G into a compact semisimple factor K and a semisimple factor
S without compact factors. Then M is a pseudo-Riemannian product of Einstein
manifolds
M =MK ×MS,
where
MK =K/(H ∩K) and MS = S/Γ
for a closed subgroup H in G and a lattice Γ in S, where the identity component
H○ of H is contained in K and the Einstein metric on MS is induced by a multiple
of the Killing form on S.
A classification of homogeneous Einstein manifolds of finite volume with transi-
tive action by a semisimple group thus reduces to classifying lattices in semisimple
Lie groups without compact factors and classifying Einstein quotients of compact
semisimple Lie groups. The latter is a hard problem even if gM is a Riemannian
metric, and several different approaches have been used in this case to construct
examples and find non-existence proofs, see for example D’Atri and Ziller [8], Wang
and Ziller [20], or Bo¨hm et al. [4, 5, 6].
In the proof of Theorem 1.5, the finite volume of M requires a bi-invariant Ein-
stein metric on S which is then necessarily given as a multiple of the Killing form.
However, there exist many other pseudo-Riemannian Einstein metrics for most
semisimple groups. Some low-dimensional examples were constructed by Gibbons,
Lu¨ and Pope [9]. Chen and Liang [7] studied the existence of pseudo-Riemannian
Einstein metrics on three- and four-dimensional Lie groups. The moduli spaces of
Einstein connections for simple Lie groups were studied systematically by Derdzin-
ski and Gal [10].
Acknowledgments. We would like to thank Anna Fino and Oliver Baues for help-
ful discussions, and we would also like to thank Michel Waldschmidt and Arturas
Dubickas for useful comments on transcendental numbers.
2. Invariant scalar products
Let g be a Lie algebra of finite dimension n with a symmetric bilinear form ⟨⋅, ⋅⟩.
The form ⟨⋅, ⋅⟩ is called invariant if
(2.1) ⟨[x, y1], y2⟩ = −⟨y1, [x, y2]⟩
for all x, y1, y2 ∈ g. The metric radical
g⊥ = {x ∈ g ∣ ⟨x, y⟩ = 0 for all y ∈ g}
is an ideal in g.
An element x ∈ g is called isotropic if ⟨x,x⟩ = 0. A subspace v ⊂ g is called totally
isotropic if v ⊂ v⊥.
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If ⟨⋅, ⋅⟩ is non-degenerate, that is, if g⊥ = 0, then the maximal dimension s of a
totally isotropic subspace of g is called the Witt index (or simply index ) of ⟨⋅, ⋅⟩,
and the pair (n − s, s) is called the signature of ⟨⋅, ⋅⟩. In this case we call ⟨⋅, ⋅⟩ a
scalar product on g, and the pair (g, ⟨⋅, ⋅⟩) is called a metric Lie algebra. A totally
isotropic subspace v of dimension s is also called a maximally isotropic subspace.
Example 2.1. Consider Rn with a scalar product ⟨⋅, ⋅⟩ represented by the matrix
(In−s 0
0 −Is
) ,
where s ≤ n − s. Then ⟨⋅, ⋅⟩ has index s. The space Rn together with ⟨⋅, ⋅⟩ becomes
an abelian metric Lie algebra denoted by abns .
Given a totally isotropic subspace u of g, we can find a non-degenerate subspace
w such that u⊥ = w⊕u, and a totally isotropic subspace v ⊂ w⊥ such that v is dually
paired with u by ⟨⋅, ⋅⟩. The resulting decomposition
g = v⊕w⊕ u
is called a Witt decomposition of g relative to u. If {v1, . . . , vk} is a basis for v,{v∗1 , . . . , v∗k} its dual basis for u, and {w1, . . . ,wn−2k} an orthonormal basis for w,
then we call the basis {v1, . . . , vk,w1, . . . ,wn−2k, v∗1 , . . . , v∗k} a Witt basis for g.
For our purposes, a more general notion than that of invariance of ⟨⋅, ⋅⟩ is required:
Definition 2.2. A symmetric bilinear form ⟨⋅, ⋅⟩ on g is called nil-invariant if for
all x1, x2 ∈ g,
(2.2) ⟨ϕnx1, x2⟩ = −⟨x1, ϕnx2⟩,
where ϕ is an element of the Lie algebra of the Zariski closure of Ad(G) in Aut(g),
and ϕn denotes the nilpotent part of its additive Jordan decomposition, where G
is any connected Lie group with Lie algebra g.
For nil-invariant ⟨⋅, ⋅⟩, (2.2) holds for all ϕn = ad(y)n with y ∈ g. In particular,⟨⋅, ⋅⟩ is ad(n)-invariant, where n is the nilradical of g. It was shown by Baues, Globke
and Zeghib [2] that every nil-invariant symmetric bilinear form is invariant for a
Lie algebra g = s⋉ r, where s is semisimple without factors of compact type and r is
the solvable radical. On the other hand, on a semisimple Lie algebra k of compact
type, every bilinear form is nil-invariant.
Remark 2.1. The notion of nil-invariance is relevant for homogeneous spaces M =
G/H as defined in the introduction. Here, G preserves a probability measure on
M since it acts isometrically. Therefore, a theorem by Mostow [15, Lemma 3.1]
implies that ⟨⋅, ⋅⟩ is preserved by the Zariski closure Ad(H)z of Ad(H) in Aut(g),
and thus by all unipotent parts of Ad(G)z. But this means that ⟨⋅, ⋅⟩ is nil-invariant
(see Sections 2 and 6 of Baues and Globke [1] for further details).
Definition 2.3. If a symmetric bilinear form ⟨⋅, ⋅⟩ on g comes from the pullback
of an Einstein metric gM on a homogeneous space M = G/H , then we call ⟨⋅, ⋅⟩ an
Einstein form. If in addition ⟨⋅, ⋅⟩ is non-degenerate, we call it an Einstein scalar
product.
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3. Reductions of solvable metric Lie algebras
Let g be a finite-dimensional solvable Lie algebra and ⟨⋅, ⋅⟩ an invariant scalar
product on g. In this section, we review some of the properties for such metric Lie
algebras (g, ⟨⋅, ⋅⟩). Proofs can be found in Baues and Globke [1, Sections 4 and 5].
3.1. Reduction by a totally isotropic ideal. Let j ⊂ z(g) be a central totally
isotropic ideal in g. Then j⊥ is an ideal in g. In particular, we can consider the
quotient Lie algebra
g = j⊥/j.
Since j is totally isotropic, the restriction of ⟨⋅, ⋅⟩ to j⊥ induces a symmetric bilinear
form on g, also denoted by ⟨⋅, ⋅⟩. The induced form on g is non-degenerate since⟨⋅, ⋅⟩ is non-degenerate on g and the metric radical of its restriction to j⊥ is precisely
j.
Definition 3.1. The metric Lie algebra (g, ⟨⋅, ⋅⟩) is called the reduction of (g, ⟨⋅, ⋅⟩)
by the totally isotropic ideal j.
Let
(3.1) g = a⊕ j⊥ = a⊕w⊕ j
be a Witt decomposition relative to j, where a is a dual space to j with respect to⟨⋅, ⋅⟩ and w is a non-degenerate subspace orthogonal to a and j.
For all x ∈ g, we write x = xa + xw + xj with respect to (3.1). In the following we
shall frequently identify w with the underlying vector space of g. Thus for x ∈ j⊥,
the projection x of x to g may also be identified with the element xw ∈ w. Similarly,[x, y]g = ([x, y])w for x, y ∈ j⊥ is the Lie bracket in g. The Lie product in g thus
gives rise to the following equations.
For all x, y ∈ j⊥,
(3.2) [x, y] = [x, y]g + ω(x, y),
where ω ∈ Z2(g, j) is a 2-cocycle.
For all a ∈ a, x ∈ j⊥,
(3.3) [a,x] = δa x + ξa(x),
where ξa ∶ g → j is a linear map, and δa is the derivation of g induced by ad(a).
In a split situation, the maps ξa vanish:
Lemma 3.2. Assume that [a,a] = 0 (that is, a is an abelian subalgebra). Then[a,g] is contained in a⊥. In particular, ξa = 0 for all a ∈ a.
It turns out the derivation δa and the extension cocycle ω determine each other:
Proposition 3.3. For all x, y ∈ j⊥, a ∈ a, we have
(3.4) ⟨[a,x], y⟩ = ⟨ω(x, y), a⟩.
Every non-abelian solvable metric Lie algebra (g, ⟨⋅, ⋅⟩) with invariant scalar prod-
uct ⟨⋅, ⋅⟩ admits a non-trivial totally isotropic and central ideal j, see Proposition
3.7. Therefore, (g, ⟨⋅, ⋅⟩) reduces to a metric Lie algebra (g, ⟨⋅, ⋅⟩) of lower dimension.
This reduction is still possible for abelian Lie algebras as long as ⟨⋅, ⋅⟩ is indefinite.
Iterating this procedure we obtain:
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Proposition 3.4. Let (g, ⟨⋅, ⋅⟩) be a solvable metric Lie algebra with nil-invariant
non-degenerate symmetric bilinear form ⟨⋅, ⋅⟩. After a finite sequence of succes-
sive reductions with respect to one-dimensional totally isotropic and central ideals,(g, ⟨⋅, ⋅⟩) reduces to an abelian metric Lie algebra with a definite scalar product ⟨⋅, ⋅⟩.
If a reduction (g, ⟨⋅, ⋅⟩) has a definite scalar product, then it cannot be reduced
further. In this case we call it a complete reduction. From Proposition 3.4 we
immediately obtain:
Corollary 3.5. If dim g = n and the Witt index of ⟨⋅, ⋅⟩ is s, then a complete
reduction of (g, ⟨⋅, ⋅⟩) is isometric to (abn−2s0 , ⟨⋅, ⋅⟩0), where ⟨⋅, ⋅⟩0 denotes a definite
scalar product on the underlying vector space of abn−2s0 .
3.2. The characteristic ideal z(n) ∩ [g,n]. Let n denote the nilradical of g, and
(3.5) j0 = z(n) ∩ [g,n].
Occasionally we will also write j0(g) to distinguish between the ideals of different
Lie algebras. The ideal j0 is totally isotropic, and j
⊥
0
is an ideal in g.
A fundamental property is:
Proposition 3.6. g is abelian if and only if j0 = z(n) ∩ [g,n] = 0.
Proposition 3.7. If g is non-abelian, then j0 contains a non-zero totally isotropic
central ideal of g.
Invariance of ⟨⋅, ⋅⟩ then implies [g,g] ⊂ j⊥
0
.
3.3. Double extensions. The process of double extension reverses reduction. It
was first introduced by Medina and Revoy [13]. Given an arbitrary Lie algebra g
with an invariant scalar product ⟨⋅, ⋅⟩, a Lie algebra a together with a representation
δ of a by skew-symmetric derivations δa ∈ der(g), and a two-cocycle ω ∈ Z2(g,a∗)
defined by
ω(x, y)(a) = ⟨δa x, y⟩,
where a ∈ a, x, y ∈ g, we can define a Lie algebra product on the vector space
g = a⊕ g⊕ a∗ by
[a1 + x1 + α1, a2 + x2 + α2] = [a1, a2]a + [x1, x2]g + δa1x2 − δa2x1 + ω(x1, x2),
where ai ∈ a, xi ∈ g and αi ∈ a
∗.
We can extend the invariant inner product ⟨⋅, ⋅⟩ on g to the Lie algebra g via
⟨a1 + x1 + α1, a2 + x2 + α2⟩ = ⟨x1, x2⟩ + α1(a2) + α2(a1).
Definition 3.8. We call g the double extension of g by (a, δ).
Observe that j = a∗ is a totally isotropic ideal contained in z(g), and that j⊥ = g⊕j.
So we can apply reduction by j as defined above, and thereby recover the metric
Lie algebra (g, ⟨⋅, ⋅⟩) from (g, ⟨⋅, ⋅⟩).
4. Nil-invariant Einstein metrics
The Ricci tensor Ric for a bi-invariant pseudo-Riemannian metric on a Lie group
G is determined by
(4.1) Ric∣g = −1
4
κ,
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where κ is the Killing form of G (O’Neill [16, Corollary 11.10]). Recall that (G,g)
is an Einstein manifold if
(4.2) Ric = λg
for some constant λ.
If G is not semisimple, then κ is degenerate, and so the only way to satisfy both
(4.1) and (4.2) is with λ = 0. This in turn implies that κ = 0, which means G does
not have semisimple factors. We have thus shown:
Proposition 1.1. If g is a bi-invariant Einstein metric on G, then
(a) either G is semisimple and g is a non-zero multiple of the Killing form,
(b) or G is solvable and its Killing form vanishes.
We can apply similar arguments to a pseudo-Riemannian homogeneous Einstein
manifold M of finite volume. Let G be a connected Lie group that acts transitively
and isometrically on M . Further, assume that G acts almost effectively. Then
M = G/H for a closed subgroup of H whose connected component does not contain
a non-trivial normal subgroup of G.
Let g and h denote the respective Lie algebras of G and H . By pulling back the
pseudo-Riemannian metric fromM to G, we obtain a symmetric bilinear tensor gG
on G which induces a symmetric bilinear form ⟨⋅, ⋅⟩ on g. The metric radical g⊥ of⟨⋅, ⋅⟩ coincides with h, and ⟨⋅, ⋅⟩ is Ad(H)-invariant. Recall from Remark 2.1 that
this implies that ⟨⋅, ⋅⟩ is nil-invariant.
Assume G to be simply connected and let
G = (K × S) ⋉R
be the Levi decomposition of G, where K is compact semisimple, S is semisimple
without compact factors, and R is the solvable radical of G. Let k, s and r denote
their respective Lie algebras.
Theorem 4.1 (Baues, Globke & Zeghib [2]). Let g be a finite-dimensional Lie
algebra with nil-invariant symmetric bilinear form ⟨⋅, ⋅⟩. Then:
(1) The form ⟨⋅, ⋅⟩ on g is invariant under adg(s ⋉ r).
(2) The restriction ⟨⋅, ⋅⟩s⋉r of ⟨⋅, ⋅⟩ to s ⋉ r is invariant under the adjoint action
of g. In particular, ⟨⋅, ⋅⟩s⋉r is invariant.
Since the stabilizer algebra h coincides with the metric radical g⊥, invariance of a
scalar product implies that h is an ideal in g. Together with the assumption that G
acts almost effectively, this means h is trivial. We have the following consequence:
Corollary 4.2. If K = {e}, then the stabilizer H is a lattice in G.
Corollary 4.3. Let M = G/H be a pseudo-Riemannian Einstein manifold of finite
volume, with a connected Lie group G acting isometrically and almost effectively.
If a Levi subgroup of G has no compact factors, then:
(1) H is a lattice in G.
(2) The pseudo-Riemannian Einstein metric on M pulls back to a bi-invariant
pseudo-Riemannian Einstein metric on G.
(3) G is either solvable or semisimple without compact factors.
Proof. (1) and (2) follow from Theorem 4.1 and Corollary 4.2. Then (3) follows
from Proposition 1.1. 
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Suppose now that G is solvable. The metric radical of κ contains the nilradical
of the Lie algebra g of G. So if G is nilpotent, then κ = 0. However, as Example 4.4
below shows, there are g which are solvable but not nilpotent and also have κ = 0.
Example 4.4. Let {b, x1, x2, y} be a Witt basis of ab41 with isotropic vectors b, y,⟨b, y⟩ = 1, ⟨xi, xj⟩ = δij and xi ⊥ span{b, y}.
In this basis, define a semisimple skew derivation by
δa =
⎛⎜⎜⎜⎝
1 0 0 0
0 0 −1 0
0 1 0 0
0 0 0 −1
⎞⎟⎟⎟⎠
.
Double extension of ab41 by span{a}, where a acts on ab41 by δa, yields a six-
dimensional metric Lie algebra g with invariant scalar product of index 2. The
generators of g are a, b, x1, x2, y, z, where z spans the center of g.
The Killing form κ of g is zero, since
tr(ad(a)2) = tr(δ2a) = 0,
and all other adjoint operators are nilpotent. A Lie group G with Lie algebra g has
a bi-invariant Einstein metric given by left-invariant continuation of ⟨⋅, ⋅⟩. However,
we will see in Theorem 1.3 that no such G admits a lattice, so this example does
not give rise to a compact homogeneous Einstein manifold.
5. Solvable isometry groups
Let M be a compact pseudo-Riemannian Einstein solvmanifold, that is, it has a
transitive action by a connected solvable Lie group G of isometries. It was shown
by Baues and Globke [1, Theorems A, B] that M = G/Γ, where Γ is a lattice in G
and the metric gM on M pulls back to a bi-invariant pseudo-Riemannian metric g
on G. Moreover, G = Iso(M)○ by [1, Corollary D].
Due to the local freeness of the G-action, g is an Einstein metric on G. By
Proposition 1.1, the Killing form of G is κ = 0.
We determine conditions for a solvable Lie algebra g to admit an invariant Ein-
stein scalar product ⟨⋅, ⋅⟩ (that is, to satisfy κ = 0) and for G to have a lattice
subgroup at the same time.
5.1. Einstein scalar products. Let n denote the nilradical of g. There is a vector
space decomposition
(5.1) g = a⊕ n
for some subspace a of g whose elements act by non-nilpotent derivations on n. For
x ∈ n, the derivation ad(x) is nilpotent, so κ(x, y) = 0 for any y ∈ g is automatically
satisfied. So the condition for ⟨⋅, ⋅⟩ to be Einstein is
κ(a, b) = tr(ad(a)ad(b)) = 0 for all a, b ∈ a.
By polarization it is enough to consider the corresponding quadratic equations
(5.2) κ(a, a) = tr(ad(a)2) = 0 for all a ∈ a.
Given an element a ∈ a, let
(5.3) λ1, . . . , λk ∈ R, ζ1, . . . , ζm, ζ1, . . . , ζm ∈ C/R
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denote the eigenvalues of ad(a), and set αi = Re(ζi), βi = Im(ζi) for each i. Then
condition (5.2) translates into
(5.4) λ21 + . . . + λ
2
k + 2α
2
1 + . . . + 2α
2
m − 2β
2
1 − . . . − 2β
2
m = 0.
The second condition is that ad(x) is a skew-symmetric with respect to ⟨⋅, ⋅⟩,
(5.5) ⟨ad(x)y, z⟩ = −⟨y,ad(x)z⟩
for all x, y, z ∈ g. This means ad(g) is a solvable subalgebra of so(p, q) ≅ so(g, ⟨⋅, ⋅⟩)
for certain 0 ≤ q ≤ p ≤ 0, and as such it is contained in a maximal solvable subalgebra
b of so(p, q). The maximal solvable subalgebras of so(p, q) were described by Patera,
Winternitz and Zassenhaus [17] (assume p ≥ q > 0):
(1) The first possibility is that b is a maximally compact Cartan subalgebra.
Every element X ∈ b can be represented as
X =
⌊ p
2
⌋
∑
i=1
ξi(E2i−1,2i −E2i,2i−1) + ⌊
q
2
⌋
∑
j=1
µj(Ep+2j−1,p+2j −Ep+2j,p+2j−1)
where Ei,j denotes the matrix with entry 1 in row i, column j, and all other
entries 0. A direct calculation shows that tr(X2) < 0 whenever X ≠ 0. By
(5.2), ad(a) cannot be contained in such an algebra b.
(2) If b is not maximally compact, then the elements X ∈ b can be simultane-
ously represented recursively as follows:
(5.6) X =
⎛⎜⎝
A ∗ ∗
0 X1 ∗
0 0 −A⊺
⎞⎟⎠ ,
where
(a) either A = λ ∈ R and X1 ∈ so(p − 1, q − 1) (up to conjugation),
(b) or A = (α −ββ α ) and X1 ∈ so(p − 2, q − 2) (up to conjugation).
In either case, X1 is (conjugate to) an element of a maximal solvable sub-
algebra of the respective lower-dimensional pseudo-orthogonal algebra, and
thus has a representation of the same form (5.6). For tr(X2) we obtain
(5.7) tr(X2) = 2tr(A)2 + tr(X21) = { 2λ2 + tr(X21) in case (a),4α2 − 4β2 + tr(X21) in case (b).
This can be iterated for tr(X21) unless the block X1 is contained in so(r) for
some r ≥ 0. Should this be the case, X1 is (conjugate to) a block diagonal
matrix with eigenvalues in iR.
Remark 5.1. Iterating (5.7) for X1 yields again the form (5.4), where the λ
2
i that
are contributions from the cases (a) and the α2j , β
2
j that are contributions from the
cases (b) in the recursion appear with even multiplicity. Only eigenvalues in iR
coming from the block X1 ∈ so(r) in the last step of the recursion may appear with
odd multiplicity.
Theorem 1.2. Let (g, ⟨⋅, ⋅⟩) be a solvable metric Lie algebra with Einstein scalar
product of Witt index s. Let n be the nilradical of g. If g is not nilpotent, then
dimg ≥ 6, dimn ≥ 5, and s ≥ 2. Example 4.4 shows that these estimates are sharp.
Proof. As g is not nilpotent, there exists a ∈ g/n that acts on g with non-vanishing
semisimple part σa = ad(a)ss of the Jordan decomposition of ad(a). Set W1 = imσa
andW0 = kerσa. Then g =W1⊕W0, W0 ⊥W1 by invariance of ⟨⋅, ⋅⟩, and dimW0 > 0
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since σa(a) = 0. Note thatW1 ⊂ [g,g] ⊂ n since imσa ⊆ imad(a). Moreover, dimW1
is even since all non-zero eigenvalues of ad(a) come in pairs of either complex
conjugates or positives and negatives. We proceed in several steps:
First, we show that dimW1 ≥ 4. By (5.4), in order to satisfy
tr(ad(a)2) = tr(σ2a) = tr((σa∣W1)2) = 0,
we need at least one non-real eigenvalue ζ = α+ iβ of σa∣W1 . Use the representation
(5.6) to deduce the following:
● If α ≠ 0, then −ζ is also an eigenvalue of ad(a). But then we have four
distinct eigenvalues ζ, ζ,−ζ,−ζ . This is only possible if dimW1 ≥ 4.
● If α = 0, then either
2λ2 − 2β2 = 0
for an eigenvalue λ ∈ R whose negative −λ must also be an eigenvalue, or
2α21 − 2β
2
1 − 2β
2 = 0
for an eigenvalue α1 + iβ1 ∈ C/(R ∪ iR) (the existence of more eigenvalues
already requires dimW1 > 4). In both cases, we have at least four distinct
eigenvalues, so dimW1 ≥ 4.
If W1 is a definite subspace, then σa∣W1 ∈ so(4), which contradicts any of the
eigenvalue combinations above. So W1 contains a totally isotropic line L.
Next, we show that the index of ⟨⋅, ⋅⟩ is at least 2. The totally isotropic ideal
j0 = z(n) ∩ [g,n] from (3.5) is non-zero since g is not abelian (Proposition 3.6).
There exists a non-trivial ideal i ⊂ j0 ∩ z(g) (Proposition 3.7), so that i ⊂W0. Then
also i ⊥ [g,g] due to invariance of ⟨⋅, ⋅⟩, so in particular i ⊥W1. Therefore, i ⊕ L is
a totally isotropic subspace of dimension ≥ 2 in g, which means that the index of⟨⋅, ⋅⟩ is ≥ 2.
We show that dimg ≥ 6. From the previous steps we know that dimW1 ≥ 4 and
dim i ≥ 1. Hence
dimn ≥ dimW1 + dim i ≥ 4 + 1 = 5.
Therefore, since a ∉ n,
dim g ≥ dimRa + dimn ≥ 1 + 5 = 6.
This concludes the proof of the theorem. 
Corollary 5.1. Every Lorentzian Einstein metric Lie algebra (g, ⟨⋅, ⋅⟩) is abelian.
Proof. By Theorem 1.2, g is nilpotent. A nilpotent Lorentzian metric Lie algebra
is abelian (Medina [12]). 
Clearly, for any given dimension n ≥ 6, equation (5.4) has many different solutions
which will lead to non-isometric Lie algebras.
A classification of metric Lie algebras with Witt index 2 was given by Kath and
Olbrich [11]. They identified three classes of solvable but non-abelian indecompos-
able metric Lie algebras with index 2 (Examples 6.1 to 6.3 in [11]). Two of these
classes (Examples 6.2 and 6.3 in [11]) have only purely imaginary eigenvalues and
thus cannot satisfy the Einstein condition (5.4). The remaining class provides the
only candidate for non-abelian Einstein Lie algebras with index 2. It generalizes
Example 4.4.
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Example 5.2. Consider the vector space g = a ⊕ abn−1s−1 ⊕ j with a = span{a},
j = span{z}, and extend the pseudo-Riemannian scalar product on abn−1s−1 to g by
⟨a, a⟩ = ⟨z, z⟩ = 0, ⟨a, z⟩ = 1, (a⊕ j) ⊥ abn−1s−1 .
Define a Lie product on g by
[a,x] = δa(x), [x, y] = ⟨[a,x], y⟩z
for some δa ∈ son−s−1,s−1, and x, y ∈ abn−1s−1 , all other relations zero. Then ⟨⋅, ⋅⟩ is
an invariant scalar product of signature (n − s, s) on g. The scalar product ⟨⋅, ⋅⟩
is Einstein if and only if δa satisfies (5.4). The Lie algebra g is solvable, and it
is nilpotent if and only if δa is nilpotent. For s = 2, this is the only class of Lie
algebras with invariant Einstein scalar products.
5.2. An algebraic lemma. We prove an algebraic result to help us with the
existence question of lattices in low dimensions.
We first recall a famous result from the theory of transcendental numbers that
solved Hilbert’s Seventh Problem (see Waldschmidt [19] for reference).
Gelfond-Schneider Theorem. Let α ∈ C/{0,1} and let β ∈ C be irrational. Then
at least one of the numbers α, β and αβ is transcendental.
Lemma 5.3. Let X be a matrix of the form (5.6) with eigenvalues λ1, . . . , λk ∈ R
and ζ1, . . . , ζm, ζ1, . . . , ζm ∈ C/R. Suppose X is not nilpotent and the eigenvalues
satisfy
(5.8) λ21 + . . . + λ
2
k + 2Re(ζ1)2 + . . . + 2Re(ζm)2 − 2Im(ζ1)2 − . . . − 2Im(ζm)2 = 0.
If n ≤ 5, then there is no t ∈ R such that exp(tX) is conjugate to a matrix in
SL(n,Z).
Proof. For the eigenvalues to satisfy the given equation, a non-nilpotent X must
have at least one non-real eigenvalue pair ζ, ζ. If n ≤ 5, this is only possible for
n = 4 and n = 5. We distinguish two cases:
(1) If Re(ζ) ≠ 0, then the form of X implies that −ζ is another eigenvalue. So
the non-zero eigenvalues of X are ζ, ζ,−ζ,−ζ . The condition (5.8) becomes
Re(ζ)2 = Im(ζ)2, so if α = Re(ζ), then the eigenvalues of exp(X) other
than 1 are
eα(1+i), eα(1−i), eα(−1+i), eα(−1−i).
(2) Suppose Re(ζ) = 0. Then we either have an additional real eigenvalue λ
(hence also −λ) or two eigenvalues in ζ, ζ′ ∈ iR (otherwise we would be in
case (1)). In the latter case, condition (5.8) cannot be satisfied. So we may
assume that there exists an eigenvalue λ ∈ R. By (5.8), λ2 = ζ2. So the
eigenvalues of exp(X) other than 1 are
eλ, e−λ, eiλ, e−iλ.
Note that in both cases (1) and (2) for every eigenvalue ξ of exp(X), the number
ξi is also an eigenvalue.
Assume there is some t ∈ R such that exp(tX) is conjugate to an matrix in
SL(n,Z). As zeros of the characteristic polynomial of a matrix in SL(n,Z), every
eigenvalue ξt of exp(tX)) is algebraic. However, if ξt is algebraic, then, since i is
algebraic and irrational, the Gelfond-Schneider Theorem implies that (ξt)i = (ξi)t
is transcendental. But as noted above, this number is also an eigenvalue of exp(tX)
and hence algebraic, a contradiction. 
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It seems the argument using the Gelfond-Schneider Theorem cannot prove the
statement for dimension higher than 5.
Example 5.4. Consider the following matrix X ∈ so(5,1) of the form (5.6),
X =
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝
λ 0 ∗
0 −λ
0 −β1
β1 0
0 −β2
0 β2 0
⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
.
Condition (5.8) yields λ = ±
√
β2
1
+ β2
2
, and so the eigenvalues of exp(X) are
eiβ1 , e−iβ1 , eiβ2 , e−iβ2 , e
√
β2
1
+β2
2 , e−
√
β2
1
+β2
2 .
It is not clear how these relations between the eigenvalues could give a contradiction
to their algebraicity.
However, a generalization of Lemma 5.3 to any n ∈ N would hold if a famous
conjecture on transcendental numbers turned out to be true.
Schanuel’s Conjecture. Let α1, . . . , αd be complex numbers that are linearly in-
dependent over Q. Then the transcendence degree over Q of the extension field
Q(α1, . . . , αd, eα1 , . . . , eαd) is at least d.
In fact, let {α1, . . . , αd} is a subset of eigenvalues of X that is maximally linearly
independent over Q. We can write Re(ζi) = 12(ζi + ζi) and Im(ζi) = i2(ζi − ζi) in
(5.8). Since for every eigenvalue ζ ∈ C/R, the conjugate ζ is also an eigenvalue,
this shows that the eigenvalues of X satisfy an algebraic relation over Q. Replacing
then every eigenvalue in (5.8) by a linear combination of the α1, . . . , αd shows
that α1, . . . , αd satisfy an algebraic relation over Q, and therefore do not form an
algebraically independent set. If Schanuel’s Conjecture is true, then at least one of
the exponentials eα1 , . . . , eαd is transcendental. Therefore:
Observation 5.5. If Schanuel’s Conjecture is true, then Lemma 5.3 holds without
the assumption that n ≤ 5.
5.3. Compact Einstein solvmanifolds. Now we investigate which solvable Lie
groups G can give rise to compact Einstein solvmanifolds M = G/Γ. A necessary
condition is the existence of an invariant Einstein scalar product on the Lie algebra
g of G. We first observe a direct consequence of Corollary 5.1:
Corollary 5.6. A compact homogeneous Lorentzian Einstein solvmanifold is flat.
In Example 4.4 we saw that non-nilpotent solvable Lie groups G with Einstein
metrics exist. The question is whether these Lie groups can give rise to compact
homogeneous quotients with Einstein metrics. This requires the existence of a
lattice Γ ≤ G. We may assume that G is connected and simply connected. A
theorem by Mostow [14, Theorem 5.5] then implies that we can assume G is linear
and Γ is given by matrices with integer coefficients. In particular, the adjoint action
of Γ on the nilradical n of g is given by integer matrices. If G is not nilpotent, this
means that for a vector space complement a of n in g, there exist non-zero a ∈ a
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such that the characteristic polynomial of exp(ad(a)) = Ad(exp(a)) has coefficients
in Z. This means that all the eigenvalues
eλi , eζi , eζi
of exp(ad(a)) are algebraic numbers. In dimensions ≤ 7 this is impossible:
Theorem 1.3. Let M be a compact pseudo-Riemannian Einstein solvmanifold of
dimension less or equal to 7. Then M is a nilmanifold.
Proof. M is of the form M = G/Γ, where Γ is a lattice in G. Assume that G is
not nilpotent. By Theorem 1.2 we only need to consider the case where G is a six-
or seven-dimensional solvable Lie group. We may further assume that G is simply
connected.
The Einstein metric on M induces an Einstein scalar product ⟨⋅, ⋅⟩ on the Lie
algebra g of G. Consider the vector space decomposition g = a ⊕ n from (5.1). As
a consequence of Theorem 1.2, 6 ≥ dimn ≥ 5 and 2 ≥ dim a ≥ 1. All elements x ∈ n
satisfy the Einstein condition (5.4).
Let 0 ≠ a ∈ a, and let i be a non-zero central ideal of g contained in z(n) ∩ [g,n]
(this exists by Proposition 3.6 because g is not abelian). Then dimkerad(a) ≥ 2,
because kerad(a) ⊇ a⊕ i. Also, ad(a) is not nilpotent and W1 = imad(a) is at most
five-dimensional.
By Mostow’s theorem, there exists a non-zero a ∈ a such that exp(ad(a)) is
conjugate to a matrix in SL(n,Z), where n = 6 or 7. But application of Lemma 5.3
to ad(a)∣W1 shows that exp(tad(a)) is not conjugate to a matrix in SL(n,Z) for
any t ∈ R. It follows that G must be nilpotent, which proves the theorem. 
Observation 5.5 suggests the following:
Conjecture 1.4. Every compact pseudo-Riemannian Einstein solvmanifold is a
nilmanifold.
Remark 5.2. Note that finding a counterexample X to the statement of Lemma 5.3
for dimensions n ≥ 6 would allow us to construct a Lie algebra g with Einstein scalar
product as in Example 5.2 with δa =X . The simply connected Lie group G with Lie
algebra g would not be nilpotent and would contain a lattice Γ = exp(tX) ⋉Zn+1,
for a certain t ∈ R. This tells us that Conjecture 1.4 is in fact equivalent to the
statement of Lemma 5.3 for all n.
6. Semisimple isometry groups
We now study homogeneous pseudo-Riemannian Einstein manifold of finite vol-
ume M = G/H where G is semisimple. The metric gM on M induces a symmetric
bilinear form ⟨⋅, ⋅⟩ on g with metric radical g⊥ = h, the Lie algebra of H . As usual,
G acts almost effectively, so that h contains no non-zero ideals of g.
Assume that G is simply connected. Then G is a product
(6.1) G =K × S,
where K is compact semisimple and S is semisimple without compact factors. Let
k, s denote their respective Lie algebras.
Lemma 6.1. ⟨⋅, ⋅⟩ is s-invariant, k ⊥ s, and s ∩ g⊥ = 0. In particular, if the metric
g on M is Einstein, then the restriction ⟨⋅, ⋅⟩s of ⟨⋅, ⋅⟩ to s is Einstein and thus a
multiple of the Killing form of s.
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Proof. The invariance of ⟨⋅, ⋅⟩ is part of Theorem 4.1 (it also follows immediately
from Mostow [15, Lemma 3.1 (1)]).
To see the orthogonality of k and s, let k ∈ k and s ∈ s. We may assume s = [s1, s2]
for some s1, s2 ∈ s. Then ⟨k, s⟩ = ⟨k, [s1, s2]⟩ = −⟨[s1, k], s2⟩ = 0. So k ⊥ s.
Let x0 ∈ g
⊥ and write x0 = k0 + s0 with k0 ∈ k, s0 ∈ s. Then s0 ⊥ s since
k0 ⊥ s, as was just shown. Since also s0 ⊥ k, it follows that s0 ∈ g⊥. This means
pis(g⊥) = g⊥ ∩ s, where pis ∶ g → s denotes the canonical projection. Then g⊥ ∩ s is an
ideal in g, as ⟨⋅, ⋅⟩ is s-invariant and [k, s] = 0. But g⊥ contains no non-zero ideals
of g, so pis(g⊥) = g⊥ ∩ s = 0, which means g⊥ ⊂ k. 
As K is compact, the projection piS(H) of H to S is a closed subgroup of S.
Then the above lemma and the Borel Density Theorem imply:
Proposition 6.2. Let H○ denote the identity component of H. Then H○ ⊂K. Let
piS denote the projection map to S. Then piS(H) is a lattice in S.
Theorem 1.5. Let M be a pseudo-Riemannian homogeneous Einstein manifold
of finite volume and G a semisimple, connected and simply connected Lie group
acting transitively and almost effectively by isometries on M . Let G =K ×S be the
decomposition of G into a compact semisimple factor K and a semisimple factor
S without compact factors. Then M is a pseudo-Riemannian product of Einstein
manifolds
M =MK ×MS,
where
MK =K/(H ∩K) and MS = S/Γ
for a closed subgroup H in G and a lattice Γ in S, where the identity component
H○ of H is containd in K and the Einstein metric on MS is induced by a multiple
of the Killing form on S.
Proof. For some point p ∈M , let H denote the stabilizer of G at p. By Proposition
6.2, H○ ⊂K and H projects to a lattice Γ = piS(H) in S. The K-orbit MK through
p is isometric to K/(H ∩K).
Let MS = S/Γ. By k ⊥ s (Lemma 6.1), by the G-invariance of gM and because
S and K commute, the K-orbits and the S-orbits are orthogonal at every point
in M . Since MS is covered by the S-orbit through p, this implies that M is a
pseudo-Riemannian product M =MK ×MS.
As M is an Einstein manifold, both of its orthogonal factors MK and MS are
Einstein manifolds. SoMS is a pseudo-Riemannian homogeneous Einstein manifold
of finite volume for the group S. Since the pullback gS of the metric to S is non-
degenerate and bi-invariant (Theorem 4.1, Corollary 4.2), S itself is an Einstein
manifold and hence gS is given by a multiple of the Killing form. 
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